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Wave packets in the Schwartz space of a reductive 

p-adic symmetric space 

Patrick Delorme, Pascale Harinck 



Abstract We form wave packets in the Schwartz space of a reductive p-adic sym- 
metric space for certain familhes of tempered functions. We show how to construct 
"^ ! such famihes from Eisenstein integrals. 

H 

p^ : 1 Introduction 

^ ■ Let G be the group of F-points of an algebraic group, G, defined over F, where F is 

a nonarchimedean local field of characteristic different from 2. Let H be the group of 
F-points of an open F-subgroup of the fixed point group of an involution of G defined 
over F. 

We introduce the space Atemp{H\G) of smooth tempered functions on H\G. They 
j~^ ■ are the tempered functions which are generalized coefficients of an iJ-fixed linear form 

^ , ^ on an admissible smooth G-module V, when V and ^ varies. 

Using the theory of the constant term (cf. [L], [KTl]), we introduce the weak 
constant term of elements oi Atemp{H\G) as it was made in [W] for tempered functions 
CN ■ on the group. 

Then we introduce families of elements of Atemp{H\G) of type I, by conditions on 
their weak constant term. Then the conditions are strengthened to introduce families 
^ ! of type r, ir. This is the analog of the families used in [BaCD] for the real case. 

Important examples of such families are given ( cf. Theorem 2) in terms of Eisenstein 
integrals, due to the main results of [CD]. 

Then, following closely [W] , we show that one can form wave packets in the Schwartz 
space for such families (Theorem 1) like in [BaCD] for the real case. Notice also that 
the intermediate Proposition 2 is the analogous of the important Lemma 7.1 of [A]. 

This result has two interests. First, the recent work of Sakerallidis and Venkatesh 
[SaV] on spherical varieties includes in particular the L^-Plancherel formula for H\G, 
when G is split and the characteristic of F is equal to zero. It should be possible using 
our result to determine the Fourier transform of the Schwartz space for these symmetric 
spaces. This should be entirely analog to the work [DO] for affine Hecke algebras. 

The second interest is that, when the Cartan decomposition is explicit and the 
corresponding integral formula is known as in [O], our results might allow to use the 
technique of truncation as in [Dl], [D2] for the real case, to get the Plancherel formula 
and the Fourier transform of the Schwartz space. This should give examples not treated 
by Sakerallidis and Venkatesh. 



In order to prepare the truncation process we prove (cf. Propostion 3) a canonical de- 
composition Atemp{H\G) = A2{H\G) ® Atemp,c{,H\G) . If G is semisimple, this decom- 
position is essentially the direct sum of the space of the square integrable elements and 
its orthogonal in a suitable sense, as there is no natural scalar product on Atemp{,H\G). 
In general, we manage to reduce to this case. The square integrability criterion of [KT2] 
is very useful for the proof of the decomposition. To our knowledge, this decomposition, 
for functions on the group, appeared for the first time in Arthur's article on the local 
trace formula, (cf. [A], top of page 58). 

In order to avoid to use the fact, unknown in general, that they are only finitely 
many relative discrete series having a non zero vector fixed by a given compact open 
subgroup of G, we use Bernstein's center. 

We show (cf. Proposition 5) that Eisenstein integrals for proper parabolic subgroups 
lie in Atemp,c{H\G)- 

2 The map Hq and the real functions Qqi |||| ^ind N^ 
on H\G 

2.1 Notations 

If i? is a vector space, E' will denote its dual. If E is real, E^ will denote its complexi- 
fication. 

If G is a group, g E G and X is a subset of G, g.X will denote gXg^^. If J is a subgroup 
oi G, g E G and (tt, V) is a representation of J, V'^ will denote the space of invariant 
elements of V under J and {giVjgV) will denote the representation of g.J on gV := V 
defined by: 

{gTT){gxg~^) := tt{x),x E J. 

We will denote by (vr', V) the contragredient representation of G in the algebraic dual 

vector space V oi V. 

If \^ is a vector space of vector valued functions on G which is invariant by right 

(resp., left ) translations, we will denote by p (resp.. A) the right (resp., left) regular 

representation of G in V. 

If G is locally compact, dig will denote a left invariant Haar measure on G and 6g will 

denote the modulus function. 

Let F be a non archimedean local field with finite residue field Fg. Unless specified we 

assume: 

The characteristic of F is different from 2. (2-1) 

Let |.|f be the normalized absolute value of F. 

We will use conventions like in [W] . One considers various algebraic groups defined over 

F, and a sentence like: 

" let A be a split torus " will mean " let A be the group of F-points of a , ^ 
torus. A, defined and split over F " . 



With these conventions, let G be a connected reductive hnear algebraic group. Let Aq 
be the maximal split torus of the center of G. The change with standard notations will 
become clear later. 

Let A he a split torus of G. Let X*(A) be the group of one-parameter subgroups of 
A. This is a free abelian group of finite type. Such a group will be called a lattice. 
One fixes a uniformizer w of F. One denotes by A{A) the image of X^,(A) in A by the 
morphism of groups A i— )> Xi^u). By this morphism A(A) is isomorphic to X^.{A). 

If J is an algebraic group, one denotes by Rat (J) the group of its rational characters 
defined over F. Let us define: 

OG = Homz(Rat(G),M). 

The restriction of rational characters from G to Aq induces an isomorphism: 

Rat(G) ®z K ~ Rat(AG) ®z K. (2.3) 

Notice that Rat (Ac) appears as a generating lattice in the dual space cl'q of ac and: 

aG^Rat(G)®zffi. (2.4) 

One has the canonical map Hq : G — ?> Og which is defined by: 

g(^GW,x> = \x{x)\f, xeG,xe Rat(G). (2.5) 

The kernel of Hq, which is denoted by G^, is the intersection of the kernels of the 
characters of G, \x\f, X ^ Rat(G). One defines X{G) = Hom(G/G"'^, C*), which is the 
group of unramified characters of G. One will use similar notations for Levi subgroups 
of G. 

One denotes by aG,F, resp., Og,f the image of G, resp., Aq, by Hq- Then G/G^ is 
isomorphic to the lattice Og,f- 
There is a surjective map: 

(a^c ^ X(G) ^ 1 (2.6) 

denoted by z/ i— )■ Xi^ which associates to x ® s, with x ^ Rat(G), s G C, the character 
g I— 7- Ixlfi')!!' i^^- [W]) I-l-(l))- ^^ other words: 

X.(^)=e<^'^«(^^(7GG,z/G(a'G)c. (2.7) 

The kernel is a lattice and it defines a structure of a complex algebraic variety on 
X(G) of dimension dim^aG- Moreover X{G) is an abelian complex Lie group whose 
Lie algebra is equal to (aG)c- 

If X is an element of X{G), let u be an element of ci'qq such that Xiy = X- The real 
part Re z/ G Oq is independent from the choice of z/. We will denote it by Re x- If 
X G IIom(G, C*) is continuous, the character of G, |x|, is an element of X{G). One sets 
Re X = Re Ixl- Similarly, if x ^ IIom(AG,C*) is continuous, the character |x| of Ac 
extends uniquely to an element of X{G) with values in R*+, that we will denote again 
by Ixl and one sets Re x = Re |x|- 



If P is a parabolic subgroup of G with Levi subgroup M, we keep the same notations 
with M instead of G. 

The inclusions Aq C Am C M C G determine a surjective morphism om,f — ^ &g,F5 
resp., an injective morphism, og,f -^ 5m,f, which extends uniquely to a surjective linear 
map between cim and ac, resp., injective map, between og and om- The second map 
allows to identify Og with a subspace of Om and the kernel of the first one, d^, satisfies: 

ttM = a^ © aa- (2-8) 



If an unramified character of G is trivial on M, it is trivial on any maximal compact 
subgroup of G and on the unipotent radical of P, hence on G. It allows to identify 
X{G) to a subgroup of X{M). Then X{G) is the analytic subgroup of X{M) with 
Lie algebra (a^c C (5m)c- This follows easily from (2.7) and (2. 8). One has (cf. [D4], 
(4.5)), 

The map A[Ag) -^ G/G^ is injective and allows to identify A{Ag) to the /^ ^n 
sugroup i?G(^G) of Ug- 

Let G be the algebraic group defined over F whose group of F-points is G. Let a be 

a rational involution of G_ defined over F. Let H be the group of F-points of an open 

F-subgroup of the fixed point set of a. We will also denote by a the restriction of a to 

G. 

A split torus of G, A, is said o"-split if A is contained in the set of elements of G which 

are antiinvariant by a. Now we explain the change to standard notations: Ag will 

denote the maximal o"-split torus of the center of G. 

Let A be a o"-invariant split torus of G. The involution a induces an involution, denoted 

in the same way, on d := d^. Let A'^ (resp., A^r) be the maximal split torus in the group 

of elements of A which are invariant (resp., antiinvariant) by cr. Then d*^ (resp., do-) 

identifies with the set of invariant (resp., antiinvariant) of d by a and A„ is the maximal 

(T-split torus of A. 

In particular, one has Ag = {Ag)^ and dG = d^ © Og where d^ (resp., Og) is the space 

of invariant (resp., antiinvariant) elements of dG by a. 

We define a morphism of groups Hg : G ^ Ug which is the composition of Hg with the 

projection on og parallel to O-g- We remark that, as it seen easily, Hg commutes to a. 

Hence Hg{H) is reduced to zero. 

We denote by G^ the kernel of Hg-, which contains H . It contains also G^, hence it is 

open in G. We denote by Og.f the image of Hg- Let X{G)„ be the connected component 

of the group of antiinvariant elements of X(G).Then X{G)a is the analytic subgroup 

of X{G) with Lie algebra (aG)c C (dG)c- The elements of X{G)a are precisely the 

characters of G of the form 

X.(^) = e<^'^«(^^z/G(a'G)c,^GG'. 

They are exactly the characters of the lattice G^\G- The group X{G)a has a natural 
structure of complex algebraic group. We denote by X(G)o-,m the group of unitary 



elements of X(G')cr. 
One has 

The group A{Ag) identifies by Hq to Hg{Ag). (2.10) 

Let A be a maximal split torus of G. Let M be the centralizer of A in G. Let us show 
the following assertion. 

Hm{A) contains a multiple by k G M"*"* of the coweight lattice of the root 

system E C (a*^)' of A in the Lie algebra of G. Here the coweight lattice (2-11) 

is the dual lattice in o*^ of the root lattice. 

It is clear that it suffices to prove the assertion for one maximal split torus. Let A' be 
a maximal split torus of the derived group, G", of G. Let A = A' An- This is a maximal 
F-split torus of G_ for reasons of dimension. The intersection F oi A^ and Ac is finite. 
Hence one has the exact sequence 

O^F^A^xAg^A^O. 

Going to F-points, the long exact sequence in cohomology implies that AA'q is of finite 
index in A. Hence the image of A'Ag by Hm is of finite index in the image of A. 
The image of A' (resp., Ag) in o by Hm is contained in d*^ (resp., ac) and is a lattice 
Ai (resp., Ag) generating a*^ because Ai + Ag is of finite index in A = Hm{A) which 
generates d. Hence the rank of Ai is equal to the dimension of d*"^. The values of the 
normalized absolute value of F are of the form g",n G Z. From the definition of Hm, 
one sees that Ai is included in (logg)A2 where A2 C d*^ is the coweight lattice of S. 
Both are lattices of the same rank, for reasons of dimension. Our claim follows from 
the following assertion: 

Let Ai C A2 be two lattices of the same rank. Then there exists n G N* /o 1 o\ 
such that nA2 G Ai, 

which follows by inverting the matrix, with integers entries, expressing a basis of Ai in 
a basis of A2. 

Let A he a. maximal a-split torus of G and let A be a o"-stable maximal split torus of 
G which contains A. The roots of A in the Lie algebra of G form a root system (cf. 
[HW], Proposition 5.9). Let M be the centralizer in G of A, which is cr-invariant. One 
has A = Am- One deduces like (2.11) that: 

A (A) C a contains a multiple by A; G M^* of the coweight lattice of the /„ ^ „n 
root system of A in the Lie algebra of G. 

A parabolic subgroup of G, P, is called a a-parabolic subgroup if P and cr{P) are op- 
posite parabolic subgroups. Then M := P n (t{P) is the o"-stable Levi subgroup of P. 
If P is such a parabolic subgroup, P~ will denote o"(P). 

The sentence : "Let P = MU be a parabolic subgroup of G" will mean that U is the 
unipotent radical of P and M a Levi subgroup of G. If moreover P is a cr-parabolic 
subgroup of G, M will denote its cr-stable Levi subgroup. 



Let P = MU be a o"-parabolic subgroup of G. Recall that Am is the maximal cr-split 
torus of the center of M. 

Let Ap, (resp., Ap~) be the set of P antidominant (resp., strictly antidominant) ele- 
ments in Am- More precisely, if S(P) is the set of roots of Am in the Lie algebra of P, 
and A(P) is the set of simple roots, one has: 

Ap{resp.,Ap') = {a e AM\\a{a)\F <l, (resp.,<l) a G A(P)}. 

We define similarly Ap and Ap'^ by reversing the inequalities. One defines also for 
e>0: 

Ap{e) = {a e AM\\a{a)\F < e, a e A(P)}. 

2.2 Some functions on H\G 

Let Aq be a a-stable maximal split torus of G, which contains a maximal a-split torus, 
Ao, of G. Let Pq be a minimal parabolic subgroup of G which contains Aq. Let Kq be 
the fixator of a special point in the apartment of Aq in the Bruhat-Tits building of G. 
We fix an algebraic embedding 

t:G^ G'L„(F). (2.14) 

We may and we will assume that t{Kq) C GLn{0) where O is the ring of integers of F 
([W] I.l)). For g e G,we write: 

'^{9) = {0'i,j)i,j=l,..,n, T\9 ) = {h,j)i,j=l,..,n- 

We set 

\\g\\ = supijsup{\aiJ-F, IKjIf)- (2.15) 

We have (cf. [W] I.l) : 

llfi-ll > 1 for 5f G G, ||5fi5f2|| < ||fl'i||||5'2|| for gi, 5-2 e G and .^ iq) 

ll^ifl'^2|| = llfi-ll for A;i,A;2 G i^o, fi' e G. 

We denote by (emo^'C) the trivial representation of the centralizer Mq of Aq in G, 
(tto, Vq) = {indp^EMu^i'i^dp^C). Let Cq be the unique element of Vq invariant by Kq and 
such that eo(l) = 1. 

We remark that {tiq, Vq) is isomorphic to (ttq, Vq). For g E G, we set : 

2g(^) = (7ro(^)eo,eo). 

The function S^ is biinvariant by Kq. 

We will say that two functions /i and /2 defined on a set E with values in 
]R+ are equivalent on a subset £" of E (we write /i(a;) x f2{x), x G -E'), if 
there exist G, G' > such that: (2.17) 

C'f2ix)<Mx)<CUx),xEE'. 



(2.18) 



We recall (cf. [W], Lemma II. 1.2): 

There exist d eN and for all gi, 92 ^ G, a constant c > such that 

^0(91992) < cEGi9)il + lo9\\9\\Y,9e G. 

We set : 

\\H9\\:=M9-')9)\\,9^G. (2.19) 

For a compact subset Q' of G, we deduce from (2.16): 

\\H9Uj\\>c\\H9\\, coen', 9eG. (2.20) 

Let us define the functions ©c and A^^, rf G Z by 

eciHg) = {^G{<y{9-')9)f'\ 9 e G. (2.21) 

and 

N,{H9) = (1 + l09\\H9\\f, 9 EG. (2.22) 

(2.20 ) implies (with A^ = A^^): 

N{H9u) X N{H9),9 eG,uje Vt' . (2.23) 

The next assertion follows from the definitions and (2.18). 

There exists rf G N, and for all 91 E G there exists c > such that: 

(2.24) 
eGiH99^) < cQG{9)Nd{H9),9e G. 

It follows from the Cartan decomposition for H\G (cf. [BeOh] Theorem 1.1) that there 
exist a compact subset of G, Vt and a finite set V of minimal a-parabolic subgroups of 
G such that: 

H\G = UpevHApn. (2.25) 

Let P = MU be a minimal a-parabolic subgroup of G and let Q' be a 

compact subset of G. We choose a norm on Om- By ([L], Lemma 7), we 

have: 

(i) There exist c, c', C,C' > such that: 



^eC|i/fM(a)ll < \\Hau\\ < CVI'^'^^^")",^ G fi', a G A 



P' 



(2.26) 



N{Hau) X (1 + ||i7M(a)||),a G Am,w G (]. 
One has the following properties ([cf. [L], Proposition 6). 

The function ©g is right invariant by Kq fl cxIKq). 

Let P = MU be a minimal a-parabolic subgroup of G. Let Q' he a 
compact subset of G. There exist C,C' > and d,d'EN such that (2.27) 

C6]!\a)N^d{Ha) < QciHg) < G'6]!\a)Nd'{Ha),9 = auj,oo e n',ae Ap. 



Lemma 1 Let dx he a non zero G-invariant measure on H\G. There exists d G N 
such that: 

I QQ{x)N_dix)dx < oo 
Jh\g 

Proof : 

Let P = MU G P and 1] as in (2.25). From (2.27) one deduces that there exist C" > 
and d' E N such that : 

edHauj) < C'6]^\a)Na'{Ha),ae Ap,uj e Vt. 

We can choose Q large enough in order to have 

ApQ C ApQ, 

where Ap is the set of P-antidominant elements in A{Am)- It follows from [KT2], 
Proposition 2.6, that 

There exist constants Ci, C2 > such that: 

Ci6p\X) < vol(HAf]) < C2Sp\X), A G Ap, (2.28) 

where vol(HAr2) is the volume of the subset HXQ of H\G. 
From (2.26) (ii) one deduces that for d" G N large enough: 

J2 N^d"{HX) < 00. 

XeA(AM) 

This implies easily the Lemma. D 



3 Tempered functions on H\G 

3.1 On the Cartan decomposition and lattices 

Let P = MU be a cr-parabolic subgroup of G. Let S(P) be the set of roots of Am in 
the Lie algebra of U and let A(P) be the set of simple roots. It will be viewed as a 
subset of a']^. Let us denote by +ap' (resp., """a'p) the set of x ^ cl'm of the form: 

X / ^ X/yCn, 

aeA(P) 

where Xa > (resp., Xa > 0) for all a G A(P). 

Let us assume that P is a minimal a-parabolic subgroup of G. li Q = LV is a a- 
parabolic subgroup of G such that P C Q, let A^ be the set of elements of A := A(P) 
which are roots of Am in the Lie algebra of L. We denote by Aq the intersection 
Al n Ap. For e > we define 

Ap{Q,e) := {a G Ap||a;(a)|F > 5, a G A^^ and \a{a)\F < e,a E A\ A^}. 



Let V{P) be the set of o"-parabolic subgroups of G which contain P. One has a partition 
oi Ap-. 

Ap = UQev{P)Ap{Q,e). (3.1) 

Moreover for any Q G 'P{P) there exists a compact subset of Am, 0Oe,Q such that: 

Ap{Q,€) C AQUe,Q, (3.2) 

either, introducing Aq the set of the Q-antidoniinant elements of A{Al), there exists a 
compact set u'^q C A such that : 

A-p{Q,e)cAQu',^Q. (3.3) 

One uses (2.13) and one introduces a multiple by /c G M'*"* of the coweight lattice. 
Let 6a G Om, a G A(P), the fundamental coweights. 

Then A{Al) contains a sublattice A'^ of finite index in A{Al), which is generated by 
S'^ := —k6a G Ag, a G A \ A-^ and by A(Ag). Let Ui, . . . ,ujp be a basis of A{Ag) 
and cu^, . . . ,0;^ be the dual basis in a^. Let Ag be the semigroup generated by the 
5'a,a G A(Q) and A(Ag), i.e. : 

Aq={ n (0"'^KeN}A(AG). 

qGA\A^ 

Then we will see that there exists a finite set in A^, Fq such that 

Aq C A-Fq. (3.4) 

In fact if A G Ag, for each a G A \ A-^ (resp., j = 1, . . . ,p), one defines n^ (resp., Uj) 
the largest integer such that (A, a) (resp., {\,uj'j)) is less or equal to —kua ( resp rij). 
Then A' = naeA\A'f'(^a)"" Ilfci p^J^ i^ ^^ ^q ■ Moreover A(A')~^ lies in a bounded 
subset of A[Aq) , as A varies in Ag, hence it lies in a finite set Fq. 
Summarizing, one sees that there exists a compact subset u'^q of A such that : 

Ap(g,5)cA'gXQ- (3.5) 

3.2 A{H\G), Atemp{H\G), A2{H\G) 

The proof of the following Lemma is analogous to the proof of [D3], Lemma 3. 

Lemma 2 Let f be a function on H\G which is right invariant by a compact open 
subgroup. The following conditions are equivalent: 

(i) The G-module Vf, generated by the right translates p{g)f,g G G, is admissible, 
(a) There exist a smooth admissible representation {tt,V) ofG, an element v ofV and 
^ an H -fixed linear form on V such that f = c^^^ where: 

c^AHg) = {i,T^{.g)v),g e G. 

(Hi) The function f is ZB{G)-finite, where ZB{G) is the Bernstein's center of G. 

9 



We denote by A{H\G) the vector space of such functions. An element of this space is 
Ac-finite, hence there exists a finite set Exp(f) of smooth characters of Aq such that 

xeExp(f) 
where the /^ are non zero and satisfy for some n G N*: 

(p(a)-x(a))"/^ = 0,aGAG. 

The elements of Exp(f) are called the exponents of /. 

If (tt, V) is an admissible smooth G- module and ^ is an i7- fixed linear form on V , we 

define similarly the set of exponents of ^, Exp(,^). 

The constant term of / along P, /p, has been defined in [L], Proposition 2. Denoting 

by P~, the a-parabolic subgroup o'(P), jp-{C) has been defined in [L], Theorem 1, 

where it is denoted by jp{^). It is an M fl if -invariant linear form on the normalized 

Jacquet module jp{V). One denotes by jp the canonical projection from V to jp{V). 

If / = c^^y, one has the equality: 

fp = Cjp-iO,Jpiv)- (3-6) 

Let us recall a property of the constant term (cf. [D4] Proposition 3.7), in which one has 
to change right ii^-invariance to left invariance by changing g t— )> f{g) into g i— )> f{g^^)). 

Let P = MU be a minimal cr-parabolic subgroup of G and let Q = LV 
be a o"-parabolic subgroup of G which contains P. Let K be an open 
compact subgroup of G. Then there exists e > such that, for any right 
/('-invariant element oi A{H\G), 



(3.7) 



;l/2 



/(a) = V (a)/Q(a),a G A^iQ < e), 



where A^j{Q < e) := {a G Ap\\a{a)\F <e,ae A(P) \ A^(P)}. 
One defines 

As the Jacquet module of an admissible representation is admissible, one deduces from 
(3.6) that the constant term fp is an element of A{M fl H\M). The union of the set of 
exponents of f^p'^{g),g G G, Expp(f) is finite, as the Jacquet module of the G-module 
generated by / is of finite length. This set is called the set of exponents of / along P. If 
^ is an if -fixed linear form on a smooth G-module of finite length, one defines similarly 
Expp(0=Exp(jp-(0). 

One says that an element of A{H\G) (resp., an if- fixed linear form on a smooth 
G-module of finite length) is tempered (resp., square integrable) if for every cr-parabolic 
subgroup of G, P, the real part of the elements of Expp(f) (resp., Expp(,^)) are contained 
in """ap' (resp """Op). 

We denote by Atemp{H\G) (resp., A2{H\G)) the subspace of tempered elements 
(resp., square integrable) of ^(if\G). Obviously one has: 

The spaces A2{H\G) C Atemp{.H\G) are G-invariant suspaces of ^(ii\G). (3.8) 

10 



Lemma 3 The following conditions are equivalent: 

(i) The function f is an element of Atemp{H\G) (resp., A2{H\G)). 

(a) There exists a smooth admissible representation (vr, V) of G, an element v ofV and 

a tempered (resp., square integrable) H -fixed linear form on V, C,, such that: 

fiHg)=<^,7r{g)v>,geG. 

Proof : 

One uses Lemma 2 and (3.6). D 

Definition 1 Let f G Atemp{H\G) and let P he a a-paraholic subgroup of G. Let 
Expp(f) (resp., Expp(f) ) he the set of elements, Xi of Expp(f) such that Rex = 
(resp., is different from zero). The weak constant term of f along P, fp, is the sum of 
the {fp)x where x varies in Expp(f). We set fp=fp — fp. 

Lemma 4 With the notations of the definition, let P = MU , Q = LV be two a- 
parabolic subgroups of G such that P G Q. Let R = P (1 L. Then one has: 

(z) f^eAten.piLnH\L). 

(n) 

Jp — yJQjR- 

Proof : 

(i) From the definition of fq and tlie fact tliat fq G A{L fl H\L), one sees tliat 
fq is also element of A{L fl H\L). The set of exponents Expj^(fQ) is the disjoint 
union of Expj^(fQ) and Expj^(fQ). From the transitivity of the constant term (cf. [L], 
Corollary 1 of Theorem 3), one has Expj^(fQ) C Expp(f). Hence if x ^ Expj^(fQ), one 
has Re(x) G+ ap' and Re(x) restricted to ai is equal to zero. This implies Re(x) G"*" Or'. 
This implies (i). 
Let us prove (ii). We have 

/o = /q + /q • 

Then by the transitivity of the constant term, one has: 

fp = {fQ)R + (/J)« = imi + UqYr + {fi)R- 
Looking to exponents, one concludes that 

D 
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3.3 Families of type I of tempered functions 

Definition 2 Let X be a complex algebraic torus. We denote by B the algebra of 
polynomial functions on X . We denote by X^ the maximal compact subgroup of X . A 
family, parametrized by X^, {Fx), of elements of Atemp{H\G) is called a family of type 
I of tempered functions on H\G if: 

a) There exists a compact open subgroup, J of G such that for all x G X^, F^ is right 
invariant by J. 

b) For all g E G, the map x H- Fx{Hg) is C°° on X„. 

c) For every a-parabolic subgroup, P = MU , of G, there exists a finite family Sp = 
{Ci)---'Cn}; with possible repetitions, of characters of Am with values in the group of 
invertible elements of B, B^ , such that: 

{p{a) - {Ua)){x)) . . . (p(a) - {Ua)){x)).F:;^{g) = 0,a e AM,g e G,x e X„, 

and such that for i = l,...,n, the real part of ^i{-){x) is independent of x E X^ and is 
element of^ap'. In the following we will denote ^i,x(a) instead of {^i{a)){x). 

We will see later (cf. Theorem 2) examples of such families related to Eisenstein inte- 
grals. 
The following properties are easy consequences of the definitions. 

If F is a family of type I, parametrized by X^, of tempered functions on 

H\G, the same is true for the family p[g)F, for every g E G, with the (3.9) 

same control of the exponents. 

Proposition 1 Let F be a family of type I, parametrized by X^, of tempered functions 
on H\G. Then, there exist rf G N and G > such that : 

\FAHg)\ < GQG{Hg)Nd{Hg),gCi G,x e X„. 

Proof : 

By using the Cartan decomposition (cf. (2.25)) and a finite number of right translates 
of F, one sees, using (3.9), (2.23) and (2.24), that it is enough to prove for each element 
P = MU of V, and each family of type I, parametrized by X„, of tempered functions 
on H\G, an inequality of this type for a G Aj,. Now, it follows from (3.7) that there 
exists £ > such that for all Q G V{P) and for all x G X„: 

By (3.1), (3. 5), we have A'p C Uq(^'pi^p)KqUj'Iq. Using a finite number of right translates, 
(2.23) again and the estimate (2.27) of 6g, it is enough to prove that there exist C > 
and (i G N such that: 

|(F.)Q(A)|<iV,(iJA),AGA'Q-. (3.11) 

By assumption on the real part of ,^j .j,, the eigenvalues ^i^xi^)-, ^ ^ ^'n have a modulus 
less or equal to 1 which does not depend on a; G X„. We will see that (3.11) follows 
from the following Lemma. 
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Lemma 5 Let A be a lattice with basis Ai, . . . , Ag. If \ = iiAi + . . . + iqXq, we set 
|A| = |ii| + . . . + |ig| . Denote by A+ the set of A such that the ij are in N. Let 
^i,x, ■ ■ ■ C,n,x, X G Xu be a C°° family of characters of A such that: 

Let {fx),x G Xu be a C°° family of functions on A such that 

(p(A) - 6,.(A)) . . . (p(A) - a,.(A))/. = 0, X G X„, A G A. 
There exist C > 0, rf G N such that: 

\fx{\)\ < C{l + \\\)\x e Xu,\ e A. 

Proof : 

If i = (ii, . . . , ig) G Z'^ we define 

A* = ii\i + ...iq\. 

Let En^q be tlie space of maps from {0, . . . , n — l}"^ to C. We fix a norm on this vector 
space. To a: G X, we associate the element g^ of En^i defined by : gx{i) = /a;(A*),i G 
{0, . . . , n — 1}'^. Then (cf. [D3] before Lemma 14) there exists a representation ^^ of A, 
depending only on the family characters of A, C,i,x, ■ ■ ■ C,n,x, and which depends smoothly 
of a; G Xu, such that for A G A, the eigenvalues of C,x{^) are C,i,xW, ■ ■ ■ ^n,x(A) and 

fxi\') = iiU>^)9xm...,o),teZ'^. 

The eigenvalues of .^^(Ai), . . . ,C,x{M) are of modulus less or equal to 1. Moreover, from 
the smoothness of ^^^ in x G X„, one sees that the norms of the endomorphisms C,x{^i) 
are bounded by a constant independent from x G X„, as well as there inverse. 
From [DOp] Lemma 8.1, one sees that, for some d' G N, the norm of C,x{^^) is bounded 
by the product of a constant, independent of x G X^, with (1 + \ii\Y . . . (1 + \iq\y for 
i G Zi. But the latter is bounded by (1 + |ii| + . . . + \iq\Y, with d = d'q eN. D 

End of the proof of the Proposition. From (2.26), we have: 

N{Ha) - {1 + \\HM{a)\\),a e Am. (3.12) 

From the equivalence of norms for finite dimensional vector spaces, one sees that: 

1 + \ii\ + ... + \ii\ X N{H\'),i G Z'. (3.13) 

Then the Lemma 5 implies easily (3.11). This finishes the proof of the Proposition. D 

Lemma 6 Let f G A{H\G) . The following conditions are equivalent: 
(i) The function f is an element of Atemp{L[\G) . 
(a) There exist C > and d eN such that: 

\f{x)\ < CeG{x)Nd{x),x e H\G. 
13 



Proof : 

(i) implies (ii) follows from the Proposition applied to X reduced to one point. 

One sees that (ii) implies (i) is the analogue of (i) implies (ii) in [W], Proposition III.2.2. 

It is proved in the same way. D 

Lemma 7 Let P = MU he a minimal a -parabolic subgroup of G. Then: 
(i) There exists a compact subset of M, ojm, such that: 

M= {HnM)AMCOM- 

(ii) Let Mp := {m E M\ < a, HM(jn) >< 0, a G A(P)}. There exists a compact subset 
of M, u'^, such that 

Mp C {Hr]M)ApLOM. 

Proof : 

(i) From the properties of M (cf. [HH] Proposition 1.13 and Lemma 1.9), one has 
M = Zg{Am) and the isotropic component of M, L2, is contained in H. Let Am be the 
maximal split torus of the center of M, C, and let Li be the anisotropic component of 
M. From [BoTi] 4.28, the group M is the almost product oi C_, L^ and Lg . Hence one 
sees that CL1L2 is of finite index in M, by using a long exact sequence in cohomology. 
Moreover Am\C is compact. Hence ((C fl H)Am)\C is compact. Moreover Li is 
compact. Altogether, this proves (i). 

(ii) The set Hm{ojm) is finite. Using (i), one deduces from this that there exists a 
sufficiently dominant element qq of Am such that, if m G Mp is equal to hau, with 
h G H D M, a G Am, uj G um, one has aao G Ap. Hence uj'm = uju^o^ satisfies (ii). D 

The following Proposition is the analogue of [W] Lemmas VI.2.1, VI.2.3. The proof 
is essentially similar. 

Proposition 2 Let F be a family of type I, parametrized by Xu, of tempered functions 
on H\G. Let Q = LV be a a-parabolic subgroup of G. Then one has: 
(i) The family (-Fx)q, x G X„ is a family of tempered functions on (L fl H)\L of type L 
(ii) Let P = MU be a minimal a-parabolic subgroup of G such that P G Q. Let 
A = A(P), A^ = A(P n L) c A and let 

D^{6) = {meMp\ <a,HM{m) >< -S\\HM{m)\\, a e A\A^}. 

There exist e > 0,G > such that: 

\{F^) + {Hm)\ < GQl{{H n L)m)e~'^^"^^"'^\m G D^{6),x e X„. 

Proof : 

(i) Let a' G Al such that |Q;(a')|F < 1 for all a in A{Q). Let Hg be the set of elements 
C, of Sq such that ^x is a unitary character of Al for all x G X„. We set Eq = Eq\Eq. 
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We recall that there might be repetitions in these families. From the theory of the 
resultant there exist elements of -B[X], i?, S, such that: 

i?(X) n (^ - e(a')) + Six) n (^ - ^'(«')) = b, 
where 

b= n (^(«')-ev))- 

We define 

S. = Sipia')) llipia')-Ua'))- 

where p denotes the right regular representation on the space of functions on {Lr\H)\L. 
One sees easily that, from the definition of R, S, the definition of the constant term and 
ofS^: 

SAF.)q = h{x){F^)l,x e Xu. (3.14) 

From the properties of a' and the definition of Sg, one sees that h{x) does not vanish 
for X G Xu and is C°^ on X„. Hence 

{F,rQ = h{x)'^S^{R,)Q,x e X^. 

One shows as in [D4], Proposition 3.11 (i), using recursions relations, that for / G L, 
the map x h- )■ {Fx)q{{H fl L)l) is C°° on X„. Hence (-Fz)q is a smooth family of type I 
of tempered functions on {L fl H)\L due to Lemma 4 and our hypothesis on F. This 
proves (i). 

(ii) For C > 0, let D^{6)c be the set of elements m of D^{6) such that \\HM{m)\\ < C. 
It follows from Lemma 7 (ii) that it is a compact subset of (M fl H)\M. Hence the 
assertion of (ii) follows for m G D^{6)c- 
One will see: 



(3.15) 



If m' G M is such that Sup{< a,HM{m') > |a G A \ A^} < 60/4, 
\\HM{m')\\ < C/2 and m G D^{5) \ D^{5)c, then mm' G D^{5/2). 

Let X = Hm{iti), Y = Hm{iti'). Then one has: 

<a,X + Y >< -6{\\X\\ -C/4),aG A\A^. 

One has to check 

-||X||+C/4< -||X + r||/2, 

which is equivalent to: 

||X + r|| < 2||X|| -C/2. 

This follows from the triangular inequality for X + Y, and the inequalities ||X|| > C 
and ||y|| < C/2. This proves our assertion. 

The above facts and Lemma 7 allow to use a finite number of translations to show that 
it is enough to prove (ii) for m, G D^{6) fl Ap and all 6 > 0. 
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One can assume that Q is proper otherwise {Fx)~q = 0. 

Let us prove that there exist t > 0, Ci > and d E N such that, if a G Ap satisfies 

< a, Hm{o) >< — t for q; G A \ A^, one has: 

\{F^)^{a)\<C,eL{{LnH)a)Nd{Ha),xeX^. (3.16) 

By (3.7), there exists t > such that for a satisfying the above hypothesis, one has the 
equahty: 

(F.)Q(a) = 5Q(a)-V2F,(a). 

One deduces from Proposition 1, that there exist C2 > and rfi G N such that 

|(i^.)Q(a)| < C2SQ{ar'/^QG{Ha)N,^{Ha). 

Applying the right inequahty of (2.27) to G and the left inequality to L, and (2.26), 
one gets that there exist C3 > and d G N such that: 

6Qia)-'/^QGiHa)Nd,iHa) < C^QlHL n H)a)Nd{Ha). 

One deduces from this an inequality like (3.16) for {Fx)q. A similar inequality for 

{Fx)^ follows from (i) and Proposition 1 with L instead of G. Hence (3.16) follows by 

difference. 

With the notations of the proof of (i), let us define: 

r,(X):= J](X-e.(a')),^eX„. 
By expanding these polynomials, one gets: 

1=0,. ..,N 

For all ^ G Si, |Ca;(a')l is independent of a; G X„ and belongs to the interval ]0,1[. 
Changing a' to a suitable power, one can assume that: 

\rx.\<2-'N-\i = l,...,N-l. (3.17) 

Let us show, with t and d as in (3.16), the following property. 

There exists C4 > such that, for all n G N and all a G Ap satisfying 

< a, Hm{o) >< — t for a G A \ A^, one has: /„ -, o\ 

|(F,)+(a(a')")| < C42-"0z.((L n H)a)Na{Ha),x G X„. 

If A^ = 0, this implies that St is empty, hence {Fx)q = 0. So one can assume that 

A^ G N*. Let 

C4 = CiSup{2''{NdiH{aT)\n = 0,...,N-1}. 

li n < N, (3.18) follows from (3.16) applied to a{a')^, from the definition of C4, from 
the equality 

QlHL n H)la') = Ql{{L n H)l), I G L, 
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as a' G Al, and from the inequality 

N{Haa') < N{Ha)N{Ha'), 

which follows easily from the definitions (2.19 ) and (2.22). 

Let n > N and let us assume that the inequality (3.18) is true for n' < n. It follows 

from the definitions that rx{p{a')){Fj.)Q = for all x G X^, hence one gets: 

{F.)iHar) = - E n,.(F.)J(a(a')"-0. 

i=l,...,N 

The inequality (3.18) for the left side of this equality follows from the induction hy- 
pothesis and (3.17). The set {a G Am H D^{6)\ 11-^^^(0)11 < t6^^} is compact. For all 
e > 0, one can find C > such that the inequality of (ii) is valid for a in this set. Let: 

D = {ae D^{5) n Am\ \\HM{a)\\ > tr^}. 

For a G -D, let n be the largest integer which is less or equal to 

{S\\HM{a)\\-t){-<a,HM{a')>r\ 

when a varies in A \ A^. From the definition of D and the choice of a', n is an element 
ofN. From the definition of D^ ((5), a(a')~" is in Ap and satisfies (a, ifM(fl(a')~")) — ~t 
for all a G A \ A^. By applying (3.18) to ala')""^ instead of a and to the integer n, one 
gets: 

(F,) + (a) < Ci2-^QLiiLnH)a{a')-nNdiHaia')-n,x e X„. 

As it was already observed QiiiLn H)a(a')'") = 0i((Lni/)a). Moreover, from (2.23) 
and the definition of n, one sees that there exists C5 > 

Nd{Ha{a')-n<C5{l + \\HM{a)\\Y. 

Writing that 

i6\\HMia)\\ - t)i- < a, HmW) >)'' < n + 1, 

for some a G A \ A^, one sees that there exist r > and A; G N, independent of a G -D, 
such that: 

r\\HM{a)\\ <n + k. 

From this it follows that: 

(F,) + (iJa) < 2>'C,C,QLiiL n /7)a)2-''il^'^^(")ll(l + II^M(a)||)'. 

In order to finish the proof of (ii), it is enough to remark that there exist Cq > and 
e > such that for all a; > 0, 

D 
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4 Wave packets in the Schwartz space 

Definition 3 The Schwartz space C{H\G) is the space of functions f on H\G, which 
are right invariant by a compact open subgroup of G and such that for any d eN, there 
exists a constant Cd > such that: 

\f{x)\ < Cd&G{x){Nd{x))-\x G H\G. 

The smallest constant Cd is denoted by Pd{f)- It defines a seminorm on C{H\G). 

Lemma 8 /// G Atemp{H\G) and f G C{H\G) the integral 

f{x)f'{x)dx 



'H\G 

converges absolutely. 

Proof : 

The lemma follows from Lemma 6 and Lemma 1. D 

Let M be the o"-stable Levi subgroup of a o"-parabolic subgroup P of G. Let L be 
the (T-stable Levi subgroup of an another a-parabolic subgroup, Q of G. Let {Q\G\P)cr 
be the set of double cosets Q\G/P having a representative w such that w.Am C A^, 
which implies w.M C L. Let W{L\G\M)cr be a set of representatives of {Q\G/P)cr with 
this property. We recall that X{G)a^u has been identified to a subgroup of X(M)o-,m. 

Definition 4 An M-family of type P is a family of type I of tempered functions on 
H\G, F , parametrized by X(M)o-_„ such that, for any x ^ X{M)fj^u, 

F^{Hga) = x{a) F^{H g) , a E AG,geG,xe X(M)^,„, (4.1) 

F^^iHg) = x'ig)FAHg),g eG,x'e X(G).,„. (4.2) 

An M-family of tempered functions on H\G of type P is said to be of type IP if for any 
Q as above 

iF^)T'(9)= E iFQA9))x-.xeX{MU^,geG, (4.3) 

weW{L\G\M)^ 

where for allw G W{L\G\M)^, Fg^^lg) is aw. M-family of type P of tempered functions 

on {L n II\L) and x^ denotes the unramified character vox of w.M . 

From the definition it follows that if F is of type IP and g E G, p{g)F is also of type 

IP. 

We will give examples of such families, derived from Eisenstein integrals (cf. Theorem 

2). 



Theorem 1 Let M be the a-stahle Levi subgroup of a a-parabolic subgroup of G. Let 
F be an M -family of tempered functions on H\G of type IF. Let ip be a C°° function 
on Xu := X(M)o-_„. Let dx be the Haar measure of Xu of volume 1. We define 



F4Hg)= I ^Pix)FAHg)dx,geG. 



(i) F^ is an element of C{H\G) . 

(a) For each rf G N, there exists a continuous semi norm qd on C°°(X„) such that (with 

the notation of Definition 3): 

Pd{F^)<qdW,^eG°^{Xu). 

Proof : 

This resuh is obtained by the same arguments as in the proof of Proposition VI. 3.1 

of [W] taking F^ instead of the normahzed Eisenstein integrals, fi{u ® x)EpSp^ip. We 

just clarify the change of notations and the principal arguments for convenience of the 

reader. 

Let V^ be the set of finite families of invariant differential operators on X„. If D G V'^ 

and tp G C°^(X„), we define: 

q^{D,ij) = Sup{\dij{x)\\d eD,xe XJ. 

One wants to prove the following assertion. 

For (i G N, there exists D G V^ such that: 

(4.4) 
\F^{Hg)e^\Hg)Nd{Hg)\ < q^{D,^),^e G'^{X^),g G G. 

Proceeding as in the proof of Proposition 1, using a finite number of right translations, 
one is reduced to prove a similar statement for g G Ap_^, where Pi = MiUi is a minimal 
a-parabolic subgroup of G and Ai is the maximal a-split torus of the center of Mi. Let 
Ai := A(Pi) and/Ji := Hm^- If a G Ap^, we set s{a) := inf{< a, Hi{a) >,a E Ai} < 0. 
Let t < 0. We first prove (4.4) for F^' on Af(t <) := {a G Ap^\t < s{a) < 0}. One 
deduces from (4.2) the following equality. 

F^Ha) = I F^{Ha){ f i'ixx')x'ia)dx')dx,a E A^. 

'^ X[G)a,u\Xu '^ X[G)a,u 

By classical Fourier transform on the compact abelian group X{G)„^u, for d E N there 
exists D eV^ such that 

^(Xx0x'(a)rfx')l < (1 + \\HG{a)\\r''q^{D,i,),ae A,. 

X[G)a,u 

Let Hf{a) be the projection of Hi{a) on af parallel to a^- By (2.26) there exists C > 
such that 

N{Ha) < C(l + \\Hi{a)\\) < C(l + \\HG{a)\\){l + ||ijf (a)||), a G A^. 
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Hence there exists Co > such that, for a G Ai{t <) one has N {Ha) < Co(l + ||//G(a)||)- 

Using Proposition 1, one deduces the inequahty (4.4) for F^ on A^{t <). 

We proceed now by induction on the semi-simple rank of H\G i.e the dimension of 

Ag\Ai. If this rank is equal to zero the result follows from the first part of the proof. 

Now we assume that this rank is strictly positive. 

For J C Ai, we define Ai{J) := {a G Ap_^; |J = {« G Ai| < a,Hi(a) >= s{a)} so that 

Ap^ C UjcA^A^{J). Let Q = LV e V{Pi) be such that J = Ai - Af . If J = (which 

corresponds to Q = G) then A^{J) = 0, from our hypothesis on the semisimple rank 

of H\G. Hence we can assume Q ^ G and it is enough to prove the statement (4.4) on 

A^{J, < t) := {a G A^{J)\s{a) < t} for some t < 0. By (3.10), there exists t < such 

that, for Q G V{Pi) and a G A'p^ with s{a) < t, one has 

F^{Ha) = 5Q{afl\F^)Q{Ha) = 6Q{ay/\F^)^{Ha) + 6Q{ay/\F^)^{Ha). 

We fix such t < 0. 

By the assumption on the weak constant term of a M-family of tempered functions on 
H\G of type II' and by the induction hypothesis, one has the estimate (4.4) with L 
instead of G for /^^ 7/'(x)(Fx)q(^ ^ Ha)dx on A^iJ, <t). By (2.26) and (2.27), there 
exist Co > and r G N such that 

6ll\a)eL{LnHa) < CoNr{Ha)eG{Ha),a e A^{J,< t). (4.5) 

This gives the resuh (4.4) for (5Q(a)^/2 j^^ ^(;^)(F^)^(a)rfx on ^^(J, < t). 
With the notations of Proposition 2, there exists S > such that Ai{J,< t) C 
AG{D^{S)nApJ. For a G Ac and m G D^{S)nA~p^ one has \{F^)^{am)\ = |(F^)J(m)|, 
SQ^am) = SqIitl) and QG^Ham) = QG{Hm). By classical Fourier analysis again. 
Proposition 2 and (4.5), for rf G N, there exist r G N and D G T)'^ such that 



(5J (am) I / ^lj{x){F^)Q{am)dx\ 



< 



q 



M 



(D,V^)(1 + \\HGiam)\\)-'^QG{Ham)e-'^^^'^"''>^^Nr{Hm) 



for a e Ag and m G D^{6) fl Ap^. 
Recall there exists C > such that 



N{Ham) < C(l + \\Hi{am)\\) < C(l + \\HG{am)\\){l + \\H\'{m)\\),a e A^m G A^. 

As (1 + ||iJf (m)||)''iV^(iJm)e~'ll'^i('")ll is bounded on Ai, one deduces the resuh (4.4) 
for ^^(a)^/^ /^ ■?/'(x)(-^x)q(^)^^ *-'^ A^{J^ < t). This achieves the proof. n 



5 A decomposition of Atemp{H\G 

5.1 Bernstein's center 

We denote by ZB{G) the Bernstein center of C. If (vr, V) is a smooth C-module and 
z G ZB{G), z acts on V by an endomorphism that we will denote by ti{z). If V is non 
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reduced to zero and ZB(G) acts on l^ by a character i/j, ifj will be called the infinitesimal 
character of tt. Let us denote by (vr*, V*) the smooth G-module of smooth antilinear 
forms on V. 

Then one shows like in [D3], Equation (1.11), that for z G ZB{G), there exists a unique 
z* in ZB{G) such that for all smooth G-module (tt, V), and v &V,v* & V*, one has: 

{v*,Tc{z)v) = {'K*{z*)v*,v). 

Then one has, for any infinetesimal character ip: 



^{z*)=^{z). (5.1) 

If (tt, V) is a smooth G-module and ip is an element of the set ZB{G) of characters of 
ZB{G), we define: 

V^ = {ve V\ for some neW, (7r(z) - ^p{z)Yv = 0, z G ZB{G)}. 

If V is of finite length, one has: 

5.2 The case Aq = {1} 

We assume in this subsection that Aq is trivial. 
From [KT], Theorem 4.7, one deduces: 

An element / of A{H\G) is element of A2{H\G) if and only if it is an , < 
element of L2(/7\G). ^^'"^^ 

Using (5.2), one has the following decomposition. 

One has a similar decomposition for A2{H\G). An element of A2{H\G) generates an 
admissible unitary subrepresentation of L^{H\G), which is a finite orthogonal sum of 
discrete series for H\G. Let us prove 

^2(^\G') C C{H\G). (5.4) 

One proceeds as in the proof of Proposition 1 with X reduces to a single point. One 
has to replace Lemma 5 by the following property, which follows from [DOp] , Corollary 
8.2 (ii). 

Let A be an endomorpism of a finite dimensional normed vector space 
whose eigenvalues are of modulus strictly less than 1. Then for any d in 
N, there exists a constant C > such that: (5.5) 

||A"|| < G(l + n)-^nGN. 
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This achieves to prove (5.4). 

From Lemma 8, it follows that if / G A2{H\G) and /' G Atemp{H\G) , the integral: 

f{x)f'{x)dx 

H\G 

converges absolutely. We denote it by {f,f'). 
Let us show: 

A2{H\G)^ is the direct sum of finetely many irreducible G-modules. (5.6) 

As A2{H\G) is endowed with the invariant L^-scalar product and as there are 
only finetely many irreducible representations with infinitesimal character equal to 
ip, it is enough to prove that for any irreducible smooth G-module, V, the space 
HomG(V, ^2(H\G)) is finite dimensional. Let us prove that: 

The space HomG(V, ^(H\G)) is isomorphic to V'^ . (5-7) 

We define a linear map from the first space to the second, T i— )■ C,t, by defining: 

^T{v) = T{v){l),veV. 

The inverse map is given by the coefficient map. Then our claim on HomG(V, ^2(H\G)) 
follows from the fact that V'^ is finite dimensional (cf. [D4], Theorem 5.7). This finishes 
the proof of (5.6). 

Hence ZB{G) acts by ip on A2{H\G)^. As a consequence of (5.1), one sees that if ip is 
as above and ip' is a character of ZB{G) distinct from ip, then: 

Atemp{H\G)^' is orthogonal to A2{H\G)^. (5.8) 

From (5.6), if J is a compact open subgroup of G, the space of J-fixed vectors of 
A2{H\G)^ is finite dimensional. 

Lemma 9 (i) Every element f of Atemp{H\G) has a unique decomposition f = f2 + fc 
with J2 G A2[ii\G) and fc orthogonal to A2{H\G). 

(a) The maps / i— )■ /2, / *— ^ /c (ii"e complementary G-equivariant projectors of 
Atemp{.H\G). We denote by Atemp,c{.H\G) the image of the second projector so that 
one has: 

Atemp{H\G) = A2iH\G) © AtempAH\G). 

Proof : 

(i) The unicity of the decomposition, if it exists, is obvious. By linearity, one can 
assume, to prove the existence, that / G Atemp{H\G)^ for some character ip of ZB{G). 
Let us assume that / is fixed by a compact open subgroup, J, of G. Let /2 be the 
orthogonal projection of / on the finite dimensional space A2{H\G)'L. Then fc = f — f2 
is orthogonal to A2{H\G)'i and J-invariant. One deduces easily that fc is orthogonal 
to A2{H\G)^, by averaging over J. Then using (5.8) one deduces that fc is orthogonal 
to A2{H\G). This achieves to prove that /2 and fc have the required properties, 
(ii) follows from the G-invariance of the space A2{H\G) and of the pairing (.,.). D 
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5.3 General case 

We remove the assumption that Aq is trivial We denote by G' the derived group of 
G and by H' the intersection H fl G'. As G" is a normal subgroup of G, H acts by 
conjugacy on H' and H'\G'. The action oi h & H on H'g G H'\G' will be denoted 
H'g.h. Hence H acts linearly on the space of functions on H'\G'. Coming back to 
the definition and considering the representation /ivr, one sees that this action preserves 
A{H'\G'). The action oi h e H on an element / of A{H'\G') will be denoted c{h)f. 
We may and will choose the function A^' such that 

N'{x) = N{x),x G H'\G' C H\G. (5.9) 

From the definitions and (2.23) one deduces that ioT h E H given, one has: 

N'{x.h) X N'{x),x G H'\G'. (5.10) 

Let Af) be the maximal split torus of Mq. It contains a maximal split torus, A'^, of 
Mq = Mo nG' (cf. section 7). Let Kq be the fixator of a special point of the apartment 
of the Bruhat-Tits building of G" corresponding to A'q. Let Pq = PqCiG'. It is a minimal 
parabolic subgroup of G'. Let S^;/ be the corresponding S-function for G". One deduces 
from (2.27), applied to G and G', and from the Cartan decomposition (cf. (2.25)) and 
(2.23) applied to G' that one has: 

There exist G, G' > 0, rf, rf' G N such that: 

(5.11) 
GN'_^{H'g)QG{Hg) < &G'{Hg) < G'N'AH'g)&G{Hg),g e G' . 

From this and (2.24) and (2.23), one deduces that, for h & H given, there exist G > 
and (i G N such that one has: 

QG'{x.h) < GQg{x)N'^{x),x G H'\G'. (5.12) 

Together with (5.10), this implies easily that Atemp{,H'\G') is preserved by c{h) for all 
h & H. Moreover, as the conjugacy hj h & H transforms an invariant measure on H'\G' 
in an invariant measure, and as c{h) preserves A{H'\G')^ it preserves also A2{H'\G') 
and Atemp,c{H'\G') . It follows that for / G Aternp{H'\G') and h e H: 

icih)fh = c{h)h, {c{h)f\ = c{h)U (5.13) 

Let us prove that 



The restriction of functions from G to G', f ^^ f '■= f\G' induces a linear 
map from Atemp{H\G) to Atemp{H'\G') . 



(5.14) 



We prove first that this restriction induces a map from A{H\G) to A{H'\G'). Going 
back to the definition, it is enough to see that: 



A smooth finitely generated admissible G-module is a smooth finitely gen- 
erated admissible G'-module. 
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(5.15) 



As finitely generated admissible smooth G-modules are precisely the smooth G*-modules 
of finite length, this reduces to prove that an irreducible smooth G-module, V, is a 
smooth G'-module of finite length. Let C be the center of G. The group G'C is of finite 
index in G and closed in G: this can be seen by a long exact sequence in cohomology. 
Hence it is open. Moreover, it follows from [BD] Lemma 3.1 (iii), that the product map 
G" X C — 7> G'C, is open as a quotient map. From this it follows that there exists a 
basis of neighbourhood of 1 in G of the form K'JJp where K'^ (resp., Cp) is a basis of 
neighborhood of 1 in G' (resp., C) made of compact open subgroups of G' (resp., C). 
One may and will assume that the central character of our G-module is trivial on all 
G„. From this one deduces the admissibility of the G'-module V . As G'C is of finite 
index in G, one deduces that the G'-module V is finitely generated. Altogether this 
proves that l^ is a smooth G'-module of finite length. This achieves to prove (5.15). 
From Lemma 6 and (5.9), (5.12), one sees that the restriction map sends Atemp{H\G) 
to Atemp{H'\G' ) , which proves (5.14). 

One defines 3 linear forms on Atemp{.H\G), C,,^2,^c by: 

e(/) = i\H),Uf) = iim.Uf) = fc{H')Je Atemp{H\G). 

One remarks that ii h E H and / G Atemp{H\G), one has {p{h)f)' = c{h)f'. Using 
(5.13) and the fact H' is normalized by H , one deduces 

The linear forms ^,C,2,^c are //-invariant. (5.16) 

Lemma 10 Let f be an element of A{H\G). The following conditions are equivalent. 

(i) f is an element of A2{H\G). 

(a) For all g E G, the restriction of p{g)f to G' is an element of A2{H'\G') . 

Proof : 

Let P' = P Ci C. This is a o"-parabolic subgroup of G' with M' = M fl G' as ci-stable 
Levi subgroup (cf. section 7). Let A = Am, A' = Am'- One has A' C A (cf (7.9)). 
Then it is clear that: 

{X\A'\X e Expp(f)} = UggGExpp,((p(g)f)|G')- 
Then the Lemma follows from the definitions. D 

Proposition 3 Let Atemp,c{H\G) he the space of elements f of Atemp{H\G) such that 

for all g E G, the restriction of p{g)f to C is an element of Atemp,c{H'\G'). 

If f E Atemp{H\G) there exists a unique decomposition f = f2 + fc, with /2 E A2{H\G) 

and fc E Atenip,c{H\G) . 

The map f ^ f2 (resp., f i— )■ fc) commutes with the right regular representation of G 

in Atemp{H\G). 

In other words, one has a direct sum decomposition of G-modules: 

Atemp{H\G) = A2{H\G) © AtempAH\G). 
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Proof : 

From the unicity in Lemma 9, one sees that the decomposition of / G Atemp{H\G), if 
it exists, is unique. 

Let us prove the existence. For / G Atemp{.H\G) one defines two functions on H\G, /2, 
/c, by 

f2{Hg) =< ^2,p{9)f >Jc{Hg) =< Up{9)f >,9^G. 

In particular /2|g/ = f2- Introducing the finitely generated admissible module gener- 
ated by /, Vf, one sees from Lemma 2 (ii) that /2, fc G A{H\G). Moreover the maps 
/ h-)- /2 and f ^^ fc commute with the right regular representation of G. Moreover as 
C = 6 + Cc, one has / = /2 + fc- 

Let us show that /2 G Atemp{.H\G). From our definition, for all g E G, g' \-^ f{Hg'g) 
is an element of A2{H'\G') in particular of C{H'\G'). Let Ca„be the anisotropic com- 
ponent of the center G of G. Then G'Gan^G is of finite index in G. Let Aq be the 
maximal split torus contained in Aq H H. The group AqAq is of finite index in Ac- 
Let Kg be the lattice K{Ag)- Using the temperedness criteria (cf. Lemma 6), taking 
into account that / is smooth and using a finite number of translations, it is enough to 
prove that for all / G Atemp{.H\G), there exist C > and rf G N such that: 

\f2{Hg'\)\ < GQGiHg'\)N,iHg'\),g' G G', A G A(Ag). (5.17) 

One has: 

HgM = ^Gig),QGiHga) = eG{Hg),ge G,ae Ag- 

The space V (resp., V2) of functions on H'\G' generated by the functions (/a) (resp., 
(/2)a) defined by H'g' 1— )■ f{Hg'\),{resp.,f2{H'g'\)),\ G A^ is finite dimensional as 
/, /2 G A{H\G). From the temperedness of /, it follows that the eigenvalues of p(A), A G 
A.[Ag) on V are of modulus L As the map / — ?■ /2 is a G-module map, the A{Ag)- 
module V2 appears as a quotient of V. Hence the eigenvalues of A G A{Ag) acting 
on V2 are of modulus 1. From our definitions and (5.4), all elements of V2 belongs to 
C{H'\G'). Let d be the dimension of V2 ■ We endow V2 with the norm p^ of C{H'\G') 
(cf. Definition 3). Let us denote by F the element (/2)i of V2. From [DOp], Lemma 
8.1, and (3.13) , one sees that there exists C > such that: 

Pd{{f2)x) < GNa{HX)pa{F), A G Ag. 

Returning to the definition oi pd, this implies: 

\f2iHg'\)\ < Gpd{F)QG'{H'g'){N',{H'g'))-'Nd{H'\),g' G G', A G A^. (5.18) 

From (2.16) and the equality ||(?|| = ||5'~'"'^||, one deduces 

N{H\) < N{Hg'\)N{Hg'). 

Taking into account (5.9) and (5.12), one sees that (5.17) follows from (5.18). Then 

one concludes that /2 G Atemp{.H\G). 

Then, as fc = f — /2, one has fc G Atemp{,F[\G) . From the definition of .^2 and ,^c, one 

has: 

/2|G' = {f\G')2, fc\G' = {f\G')c- 
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As the same is true for the right translates of / by elements of G, one sees that /2 G 
A2{H\G) from Lemma 10 and then that fc € Atemp,c{H\G). This achieves to prove 
the Proposition. D 

One has seen that G'C is closed in G and of finite index in G. Let us consider the 
continuous canonical projection: 

G'C -^ G'\G'C ^ (C n G')\G. 

As C n G' is finite, if {g'nCn) converges in G, where, for all n eN, gl^ E G', Cn G C, there 
exists a subsequence of (c„) which converges. This implies: 

If Gi is a closed subgroup of G, G'Gi is closed in G. (5.19) 

Let Aq be the maximal compact subgroup of Aq and Aq the maximal split torus of 

Ag n H. This shows that G^ = G'GanA'^A^Q is closed in G. It is obviously also normal 

inG. 

We recall that G^ is the kernel of He-, which contains H and it is open in G. Obviously 

one has G^ G G^. Let us show: 

The group G^ is of finite index in G^. (5.20) 

We recall that aG,F is the image of He- This is a lattice in ac- The image of Ac by 
Hg is a lattice in ac of rank equal the dimension of ac- Hence the image of Aq is of 
finite index in acF- The group G'^A{Ag) is of finite index in G as GanAQAc is of finite 
index in G and G'G is of finite index in G. Hence G'^A{Ag)\G^A{Ag) is finite. As 
G^nA{AG) is reduced to 1, the natural map G'^\G'^ -^ G^ A{Ag)\G'^ A{Ag) is injective. 
This achieves to prove (5.20). 

This implies that GAq is cocompact in G^. For a suitable normalization of measures 
one has 

/ f{Hg,)dg,= f f f\Hg'g^)dg>dg^,feG,{H\G^). (5.21) 

If X G aG,F, one denotes by {H\G)^ the set of Hg G H\G such that HG{g) = X. Such 
a set is the right translate of H\G^ by any g E G such that HG{g) = X. It is is open 
in H\G and the invariant measure on H\G induces a measure on {H\G)^ . If / is a 
complex valued function on H\G, f^ will denote the restriction of / to {H\G)^ . If /' 
is an other function, we denote: 



{fJT= / fix)f'{x)dx, 

J{H\G)X 

when it is is defined. 

Proposition 4 (i) For all f G A2iH\G) (resp., f G Atemp{H\G)) and for all X G 
<^G,F, f^ is square integrable (resp., the integral {f,f')^ converges absolutely), 
(li) For all f G Atemp{H\G) and for all X G a^F, U2, fcV = 0- 

Proof : 

One reduces, by translation, to X = 0. Then (i) and (ii) follows easily from Proposition 

3 and from the integral formula (5.21). D 
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6 Some properties of Eisenstein integrals 

6.1 Eisenstein integrals 

Let us recall some results of [BD]. Let P = MU be a cr-parabolic subgroup of G, {6, E) 
be a finite length smooth representation of M . Let I5 be the space of the induced 
representation i;^°np'^k np- ^et i%E^ or simply /^^ be the space of the normalized 
induced representation tt^ := i%{5y?j, x ^ -^(^)o-, where d-^^ = 5 ® x- The restriction 
of functions from G to Kq determines an isomorphism of -ft'o-niodules between Is^ and 
Is- One denotes by vf^ the representation of G on Is deduced from vr^ by " transport 
de structure" by this isomorphism. 

\iip & Is and x ^ X{M)„, one denotes by ip^ the element of the space Is^ corresponding 
to if by this isomorphism. 

Let B be the algebra of polynomial functions on X{M)„, which is generated by the 
functions bm,iTi G M defined by &m(x) = x(^^)- ^^^ has: 

For all (/9 G /^ et 5? G G, X I— 7> 'n^{g)ip is an element of Is B. (6-1) 

Let O be the union of the open (P, if )-double cosets in G. There exists a set of 

Q 

representatives, Wj\^, of these open (P, H)-donh\e cosets which depends only on M and 
not on P. Moreover for all x G Wj^, x~^.P is a cr-parabolic subgroup of G (cf [BD] 
Lemma 2.4). Let A be a maximal a-split torus of M. We may (cf. [BD], beginning of 

section 2.4 and Lemma 2.4 ) and we will assume that for all x G W^, x^^.A is a cr-split 
torus. One says that x is A-good. Then x~^.M is the a-stable Levi subgroup oi x^^.P 

Q 

(cf [CD], Lemma 2.2). From (7.11), one can even assume that Wj^ is a subset of G'. 
One sets J^ = {^p E IsJSupp{(p) G O} and we define: 

Let X ^ X{M)^. To T] E Eg '~^^' , one associates j{P,6^,ri) G J^ defined by: 

jiP,^x^v)iv) = <^{xh),r]>dh,^eJ^. (6.2) 

Jii'n(a;-i.Af)\_H' 

Then one has (cf. [BD], Theorem 2.8): 

For X in an open dense subset, O, of X{M)„, j{P, 6^, rf) extends uniquely 
to an //-invariant linear form on J^^, C,{P,S^,'r]). There exists a non 
zero polynomial on X(M)o-, q, such that for all (/? G Is, the map (6.3) 
X I— ;■ q{x){^{P,^x^v)^Vx)y defined on O, extends to a polynomial func- 
tion on X{M)^. 

The Eisenstein integrals are defined, as rational functions of x G X{M)cr, by 

E'f{7] ® ^^){Hg) = {^{P,6^,r]),n^{g)ip^),g e G,^ e Is. (6.4) 

Let X G yVM ^^d r] G E'/^'~'^'^ . Then from our choice , x^^.P is a cr-parabolic subgroup 

f 



and r] G J^y"' '"". itien trom our ciioice , x ".i^ is a cr-j 
and a:~^.M is its cr-stable Levi. One can choose 1 as an element of W^-i m and one has 
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^mnx.H ^ ^'(x\M)nH ^ ^^_^^^ ^^^ ^ ^ X(M)„. The map v? ^ \{x-^)'^ is a bijective 
intertwining map between ip{S^) and ?^_i p{{x~^6)x-^x)- -^^ "transport de structure", 
one sees 

E^{ri ® ip^) = E^^,p{ri ® i\ix-^)ip^)),g eG,ipe Ig. (6.5) 

6.2 Examples of families of type II' of tempered functions 

Let X ^ ^{M^)a-,x' ^ X{G)„. We recall that X(G')o- has been identified to a subgroup 
of X(M)o-. One has Supp(v9^) = Supp(v9) P, Supp(v9) = Supp(v9^)n Kq. Hence ip^ is 
in J^ if and only if (/? G J, where J is the subspace of elements of Is such whose support 
is contained in O (1 Kq. Moreover: 

Vxx' = xVx (6-6) 

and TT^x' naturally identifies with vr^ x'- As x' ^ -^(G^)o-, it is trivial on if. As 

Q 

\Vm '^ ^'5 x' is trivial on this set. It follows easily from (6.2), that one has: 

{^{P, Kx'^ V), Vxx') = {^(P^ K^ v),Vx)^V^ J- (6.7) 

From (6.3), one sees that for x ^ O, the above equality is also valid for all (/? G Is- From 
the previous discussion, one deduces the following equality. 

Epiv ® Vxx') = x'E'fir] ® v^;,), V? G h- (6.8) 

One will show that one can and will choose q in (6.3) such that: 

q{xx') = q{x), X e x(M)., x' e x{G)^. (6.9) 

In fact, from (7.3) it follows that the element A of Lemma 2.5 in [BD] can be choosen in 
G'. It follows that the element n in I.e. belongs to G'. Hence the elements m occuring 
in [BD], Lemma 2.6 can be taken in G', as it is easily checked from its proof. The same 
is true for elements of M occuring in I.e. Theorem 2.7 (i). Hence the polynom q of this 
Theorem satisfies the above property. But it is precisely the polynomial function that 
we are interested with, by Theorem 2.8 (iv) of [BD]. 

Let Q = MV be a a-parabolic subgroup with the same cr-stable Levi subgroup than 
P. We introduce the intertwining integrals (cf. e.g. [CD], section 4.1). Using (6.6) and 
the definition of intertwining integrals, on sees: 

A(Q,P, V)v^xx' = x{A{Q,P,5x)^x) (6.10) 

which implies that the restriction to Kq of both sides are equal. 

Deriving intertwining integrals from ^-functions for the group G viewed as a symmetric 

space for G x G as in [BrD] section 4, one sees that 

There exists a non zero polynomial q' on X{M)„, invariant by X{G)„, /^ 1 1 n 
such that X ^ Q''(x)^(Q) -P) ^x) ^^ polynomial in the compact realization. 

Let if G Is- One introduces the 5-matrices as in [CD], Proposition 6.2. Taking into 
account this equality, (6.6), (6.7) and the definition of i?-matrices, one sees: 

BiP,Q,5xx,) = BiP,Q,5x)- 
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From I.e., one has: 

The map x ^^ q{x)q'{x)B{P, Q, S^) is polynomial on X(M)o-. (6.12) 

Theorem 2 Let ip E Is and rj G Vs,2 = © ^yj'^ E'2 ^' where E'2 ^' is the space 
of square integrable M fl x.H -invariant linear forms on E. There exists a non zero 
polynomial on X{M)a-, p, invariant by X{G)o-, such that x '— ^ 'p{x)E$(tj ® Vx)^X. ^ 
X(M)o- u is a family of type IF of tempered functions on H\G. 

Proof : 

For X ^ -^(^)o-,M) the Eisenstein integrals are tempered (cf. [CD], Theorem 7.8). It 
follows from this and from the properties of the Jacquet modules of induced represen- 
tations (cf. [D3] Lemma 7, especially Equation (3.4)), that for q as in (6.3), (6.9), the 
family q{x)Ep{ri <^x)'X ^ X{M)„^u is a family of type I' of tempered functions on 
H\G. 

Then the Proposition follows from [CD], Theorem 8.4 and from (6.3) applied to Levi 
subgroups of (T-parabolic subgroups of G instead of G and (6. 11), (6. 12) applied to G- 
functions. Notice that in [CD] , the hypothesis on the characteristic of the residue field 
will be removed in a new version. D 

Proposition 5 With the notations of the above Proposition, E^ = p{x)Ep{ri ® ip^) is 
element of AtempA^\G) for all x e X(M)^_„. 

Proof : 

First, let us assume that Ac = {!}■ li ip is a. character of ZB{G), every / G A2{H\G)^ 
generates an admissible G-submodule of L'^{G/H). It follows easily that the set of ip 
such that A2{H\G)^ is different from zero is at most countable. For reasons of infinites- 
imal character and (5.8), it follows that the set of x such that E^ is not orthogonal 
to A2{H\G)^ is at most countable. But if / G A2{H\G)^, the map x '~^ (/> -^x) is 
continuous on X{M)„, by Lebesgue dominated convergence and Proposition 1. As it is 
equal to zero on the complementary of a countable set, it is zero everywhere by density 
and continuity. This proves the proposition if Ac = {1}. 

Let us return to the general case. From (6.5), one considers only Eisenstein integrals 
corresponding to the open (P, if )-double coset PH. 

Let G' be the group of F-points of the derived group of G. One will compare the Eisen- 
stein integrals for P and P' = PCiG'. The restriction to M' of 6 is unitary and of finite 
length (cf. (5.15)). From (7.12), one deduces: 

The restriction of functions from G to G' induces a bijective map from 



ifE to i%E. 



(6.13) 



Let us show that: 

If 6 is unitary, this is a unitary operator. (6.14) 

This follows from the fact that the unipotent radical, U~ , of P' = <j{P) is contained 
in G' as the scalar product on i^E is given by: 

(^, V^O = / (V^(w")> '^\u'))du', v^, V?' G ip^. 
Ju- 
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One will compute {j{P, 6^, rj), ip) for ip G J^ and rj G E'/^ , using the integral formula 

(7.13). With the notations of (7.13), there exist a certain family (xi) in Wj^, and 
iTii E M such that yi = rriiXi G H and H = Uj(M fl H)yiH'. One checks easily that 
5{m;^)r] G E's^^""-". Using the equality 

(f{yih') = 6'^{mi)ip{xih'), 

one deduces the equality: 

i 

From the definition of Eisenstein integrals, one deduces: 

Ep{S^,V^Vx)\G' = '^x{mi)E^',{6^^j^j,,6{mi)-^r]^{^^)\G'),^ G Is- (6.15) 

i 

"Par transport de structure " and a conjugacy by rrii one sees that if ?7 is an MfliJ-square 
integrable form then 5'{m~^)r] is M fl Xi.H-squa,re integrable. Hence it is M' fl Xi.H- 
square integrable due to Lemma 10. Then the Proposition follows from the first part 
of the proof and from Proposition 3. D 



7 Some properties of the derived group 

Recall that we denote by G' the group of F-points of the derived group of G. 
If Aq is maximal split torus of G, there exists a maximal split torus of G", A'^ such that 
Ao = AcAo'- this has been proved for at least one Aq in the proof of (2.11) and the 
result follows from the fact that all maximal split tori of G are G-conjugate. It is clear 
that Aq is the maximal split torus of Aq fl G' and one has 

The map Aq — )■ A'q is a bijection between the set of maximal split torus /^ -, \ 
of G and the set of maximal split torus of G". 

Hence one has: 

All maximal split tori of G are G'-conjugate. (7-2) 

If A G A{Aq), we let Pa be the parabolic subgroup of G which contains Aq, such that 
the roots of Aq in the Lie algebra of Pa are the roots a such that |q;(A)|f < 1. 
If P is a parabolic subgroup of G and Aq C P, there exists A G A{Aq) such that P = Pa. 
One has seen (cf. after (2.11)) that the lattice A{Aq)A{Ag) is of finite index in A{Aq). 
Hence a power of A is element of this lattice, hence of the form A'/x where A' G A[Aq) 
and /i G A{Ag)- One deduces from the definitions the equality: 

Px = Py- (7.3) 
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Hence one can even choose A G A{Aq). From this and [BD], Equation (2.7), it follows 
easily that P fl G" is a parabolic subgroup of G'. Reciprocally if P' = Px H G' for 
A G A{A'q), looking to Lie algebras, one sees that Pa is the unique parabolic subgroup 
of G which contains P' . Altogether we have shown: 

The map P i— ?■ PCiG' is a bijection between the sets of parabolic subgroups /« ^\ 
ofGandG". ^ ' ^ 

If P and Q are opposed parabolic subgroups of G, one can choose a maximal split torus 
Aq G P n Q and A G A{Aq) such that P = Px and Q = Pa-i- As above we can take 
A G A{Aq). This implies that PflG" and QCiG' are opposed parabolic subgroups of G'. 
One shows similarly that if P', Q' are opposed parabolic subgroups of G" and P (resp., 
Q) is the unique parabolic subgroup of G which contains P' (resp., Q') then P and Q 
are opposed. It follows easily that the map P h-> P' = P n G" is a bijection between 
the sets of a-parabolic subgroups of G and G', and in particular between the sets of 
minimal a-parabolic subgroups. Then it follows: 

The map M i— )■ M fl G' is a bijection for the sets Levi subgroups of a- ._ . 
parabolic subgroups of G and G", 

which can be specialized to Levi subgroups of minimimal o"-parabolic subgroups. The 
map which associates to such a Levi subgroup its unique maximal o"-split torus is 
a bijection (cf. [HW] Proposition 4.7 and Lemma 4.5). Hence it follows that the 
correspondence which associates to a maximal a-split torus of G, A, the maximal split 
torus. A' of its intersection with G' is a bijection between the sets of maximal o"-split 
tori of G and G'. Then one has: 

The split torus A is the unique maximal cr-split torus such that A' C A. (7.6) 

This implies, for reason of dimensions, that A = A' An- From which it follows: 



Let Ai be a maximal o"-split torus. If A[ = g'.A', for some g' G G", one 
has Ai = g'.A. 



(7.7) 



Hence it follows from (7.2) that: 

All the maximal cr-split tori of G are G"-conjugate. (7-8) 

Let P = MU be a cr-parabolic subgroup of G. Let us show that 

Am' C Am. (7.9) 

One has only to check that Am' is in the center of M. But the derived group of M, 
M^g^ is contained in ff_, hence contained in M^. As M is the almost product of M^^^ 
and its center, an element of M which commutes to M^^^ is an element of the center. 
Our claim follows easily. 
There exists A G A{Am) such that P = Pa. As in the proof of (7.4), one shows that: 

There exists A G Amhg' such that P = Pa. (7-10) 
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If A is as above, let us define tlie quotient Wg(A) of its normalizer in G by its centralizer. 
From the interpretation of this group as the Weyl group of a certain root system (cf. 
[HW], Proposition 5.9), one sees that Wg'{A') is in bijection with Wg{A). Hence there 
are representatives of all elements of Wg{A) in the normalizer in G" of A. From this 
and (7.2), it follows that, with the notations of [BD] (2.14), one may and will choose 
W*^ C G'. Hence, from [BD], Lemma 2.4, one may and will choose 

W£ C G'. (7.11) 

Let us prove: 

If P = MU is a parabolic subgroup of G one has PG' = G. (7-12) 

Consider the canonical map G' i— )> P\G. It factors through [P fl G')\G' which is 
compact. Hence the image of G" is compact. On the other hand, let U the unipotent 
radical of the opposite parabolic of P. It is contained in G'. Hence the image of G' 
contains P\PU which is dense in P\G. Hence the image of G' is equal to P\G. This 
proves (7.12). 

Let P be a cr-parabohc subgroup of G and let P' = PflG, H' = HnG'. li x e G'n{PH), 
x~^.P is a (T-parabolic subgroup of G, hence G' fl x~^.P = x~^.P' is a cr-parabolic 
subgroup of G' . Hence G' fl {PH) is a union of open (P', iJ')-double cosets, P'xiH' for 

a certain family [xi] of elements of Wjv^/, where M' = M fl G'. Hence there exists a 

maximal o"-split torus A' of M' = M CiG' such that for all x G \Vm'^ x~^.A' is a u-split 
torus. Let A be a maximal o"-split torus of M containing A'. One has A = A'A q. This 
implies that x^^.A is a a-split torus. Hence, with the terminology of [CD] Definition 
2.1, X is A-good. 
Let us prove that H is a finite union of double {H fl M, H') cosets. One has: 

PH c PG' = G,PH c P{PH n G'). 

Then H C UiPxiH'. li H f] PxiH' ^ 0, there is Pi G P such that yi = PiXi G H. 
As yi G H, yl^-A is a-split hence y^ is A-good. Hence from [CD], Equation (7.1), 
one sees that pi G M. We will denote it by rrii. Hence yi = rriiXi G H. Then 
H n {PyiH') = (P n H)yiH'. But (P n i7) = M n i7, as P is a o--parabolic subgroup 
of G, so that one has H n PxiH' = (M n H)yiH' . 
Hence, for a suitable normalization of measures one has: 

f f{{H n M)h)dh = V / f{{H n M)yih')dh', f G C^M D H\H). 

JMr\H\H j J{H'nyr'^M')\H' 

(7.13) 
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